This paper is concerned with the mathematical modeling and simulation of the steady-state operation of an industrial moving bed heterogeneous reactor for the kraft pulping of Eucalyptus globulus. The cooking takes place in a single-vessel hydraulic digester adapted for isothermal cooking (ITC), a further development of the modi"ed continuous cooking (MCC) process. A heterogeneous model is used to take into account the di!erent phases, each with distinct pro"les of temperature and concentration of organic (lignin, cellulose and hemicellulose) and inorganic (e!ective alkali and sul"de) compounds. The numerical solution of the model is based on a non-uniform discretization strategy to cope with special geometric and operational features of the digester. The decrease in bulk porosity caused by the compaction of the bed and the progressive increase in the voidage of chips as a result of chemical reactions are incorporated into the model as well as the resulting implications in the entrapped and free liquor #ows. The model presented here can be used in optimization studies and has been validated with data from an industrial mill.
Introduction
The pulp and paper industry plays a very important role in the world and particularly in the European economies. In order to optimize its performance and improve the quality of the pulp, this industry has a real need for tools that enable the simulation of experiments that cannot be a!orded or that might be risky in a real industrial context. The most critical piece of equipment in a Kraft pulp and paper plant is the digester, known as the heart of the mill. It is a very special and complex heterogeneous reactor where a moving bed of wood chips contacts and reacts with sodium hydroxide and sodium sul"de in a liquid phase (Kraft process), in order to dissolve lignin and therefore to release the "bers of cellulose. Since the chips are porous and are soaked with liquor, the digester is a reactor with three simultaneous phases, whose behavior is strongly dependent on the heat and mass trans-fer phenomena and on the rate of chemical reactions of all wood components.
The need for predicting the behavior of such reactor has been the driving force for much research work on digester modeling over the past decades. A pioneer e!ort was made by Vroom (1957) , who developed the concept of`H-factora, still in use presently. Temperature and cooking time for batch digesters were lumped into a single variable, easing the task of choosing a pair of operational values for those variables, in order to achieve a certain extent of cooking. Many other empirical models of the type of the H-factor model have been developed since then. Simultaneously, a wide range of physically based models has also been proposed. The main di!erences among such models lie in the number of phases considered, the number of species in each phase, the kinetic rate equations, the type of digester and the degree of accuracy in updating some intermediate variables as the reactions proceed (Grace & Malcolm, 1989) .
Any critical review of physically based models for Kraft pulping digesters must include the work of Johnsson (1970) . He is responsible for the development of the earliest dynamic model, although its solution was obtained with a steady-state version of the equations. His work was later followed by that of Smith and Williams (1974) , who included a kinetic model, often designated as the Purdue model, in the reactor equations. It considers the wood matrix (solid phase) as made of "ve species that react with the inorganic chemicals dissolved in the liquid. The digester was approximated by a series of continuous stirred-tank reactors (CSTRs) and this approach was continued by other researchers, namely Christensen, Albright and Williams (1982) and Wisnewski, Doyle III and Kayihan (1997) . They consider di!erent concentrations in the entrapped and free liquors and update some variables according to the reaction extent.
Another notable contribution to Kraft deligni"cation kinetics was presented by Gustafson, Shelder, McKean and Finlayson (1983) who proposed three separate reaction laws to characterize the rates of reaction of softwoods and assumed that wood is simply made of two main compounds. Later, Pu (1991) extended this work considering di!erent equations for the degradation of cellulose and hemicellulose. NoH brega and Castro (1997) adopted a similar conceptual model based on experimental data for Eucalyptus globulus, a hardwood that is a very important supply of short "ber for o!set and printing paper. The deligni"cation kinetics of this raw material was also investigated by Santos, RodrmH guez, Gilarranz Moreno and GarcmH a-Ochoa (1997) and Giudici and Park (1996) .
With respect to the description of the #uid behavior inside the digester, the "rst contribution is due to HaK rkoK nen (1987) . Using momentum balances coupled with heat and mass conservation equations, this researcher derived a steady-state model to simulate the operation of the digester. The column of chips was assumed orthotropic and the equations of the model were solved in both axial and radial directions. However, his approach does not discriminate between the entrapped liquid and the solid matrix of the wood and is based only on transfer phenomena, lacking any description of the chemical reactions involved in the pulping process. Later, Michelsen (1995) extended this work to describe the dynamic behavior of the reactor although such a model is only valid for Kappa numbers between 50 and 150 (Wisnewski et al., 1997) as a result of unrealistic simpli"cations in the kinetic model.
In the heterogeneous modeling approach adopted in this study the digester is basically represented as a series of mixing cells, where three di!erent phases coexist and interact. With regard to previous works, the following points should be enlightened: (a) the digester under investigation is an industrial hydraulic reactor with isothermal cooking, a further development of modi"ed continuous cooking (MCC); (b) the voidage of the chips is updated according to the extent of reaction but retaining the usual mass basis to de"ne the solid concentrations; (c) the numerical solution of the model is based on a nonuniform discretization procedure that better takes into account the geometry of the system; (d) the radial displacement of liquid at the concurrent re-circulations is modeled by a more realistic strategy; (e) the axial variation in the compaction of the bed is accounted for with data provided by the mill and (f ) industrially important variables such as total solids content (organic#inor-ganic) and "nal pulp consistency are also predicted. Fig. 1 shows a simpli"ed representation of the continuous Kamyr digester with isothermal cooking whose steady-state operation is under investigation in this study. The high complexity of the reactor is mainly due to its unusual mechanical arrangements and to the very special features of its nearly isothermal operation. These include simultaneous concurrent and counter-current #ows, multiple feeds, multiple liquid outputs and intermediate external heating points.
Modeling
The digester is roughly a cylindric vessel in a vertical position and, in its upper part, the solid and the free liquid phases #ow downwards concurrently while, in the lower part, the free liquor #ows upwards counter-currently with the chips. Moreover, at several levels of the digester's height the wall is built as a set of screens that enable the withdrawal of free liquor from the moving bed of chips. The resulting outlet liquor streams, extracted at such positions, are most often enriched by a fresh cooking liquor feed and further heated up in a heat exchanger before being injected back into the digester at a similar axial location. To describe the reactor, a cell model approach similar to that initially proposed by Smith and Williams (1974) is also adopted here. Each cell is characterized by three di!erent phases and by 15 dependent variables representing concentrations and temperatures. Fig. 2 illustrates such compartment unit for a general cell j.
The amount of organic material in the solid phase depends only on the extent of the chemical reactions taking place within the chip and then it can be described by
where¸, C and H represent the concentrations (mass fraction, based on the initial oven dry wood) of lignin, cellulose and hemicellulose in the solid phase, respectively. For calculating the di!erent reaction rates, r '
, the kinetic equations proposed by NoH brega and Castro (1997) for E. globulus (Appendix) are employed. The inorganic chemicals in the entrapped liquor attack the solid phase and dissolve the organic compounds of the wood into this liquor. Simultaneously, mass transfer of these species also take place between the entrapped and the free liquors. Thus, the mass balance equations for the entrapped liquor are
where EH and SH represent the concentrations of e!ective alkali and sodium sul"de in the entrapped liquid in the cell j. In the free liquor, though, there is no chemical reaction and thus the mass balances are simply governed by mass transfer phenomena, in particular by convection and di!usion between the two liquid phases
Since the heat e!ects due to chemical reaction inside the chips are very moderate, the solid matrix and the entrapped liquor are assumed to be at the same temperature. However, because of the sharp changes in temperature imposed at several axial positions, i.e., in the extraction lines, di!erent energy balances are written for the free liquor and for the chips (solid matrix#entrapped liquor) in order to determine the temperature pro"les along the reactor
In Eqs. (5) and (6) the superscript j#1 is employed in the counter-current part while j!1 is used in the concurrent zone. All liquid and solid #ows, as well as their main properties, are updated along the digester since they depend on the extent of the reactions and on the compaction of the bed. In fact, as the reactions proceed, the voidage of the chip increases due to the dissolution of the organic material. Wisnewski and Doyle III (1996) and Wisnewski et al. (1997) claimed that, through a rede"nition of mass concentrations, it could be possible to overtake some necessary assumptions in earlier Purdue models, namely in calculating the chip porosity. However, this step ahead can be achieved without the inconvenience of having to change the usual industrial basis (mass of wood component per mass of initial oven dry chip)
where the yield is given by the sum of the mass fractions of the three components of wood
The thermal capacity of the chips is calculated taking into account the relative amounts of solid material and of entrapped liquid at each axial position of the digester. Since the porosity changes during cooking, the #ows of the three phases vary too and the entrapped liquor volumetric #ow is simply given by
The free liquor volumetric #ow rate decreases as much as the entrapped liquid #ow increases, besides the abrupt changes in the free liquor #ow at the injection and extraction points. While the chip's void fraction increases along the digester because of chemical reaction, the bed porosity decreases due to the progressive compaction of the packing. The so-called compaction factor is often de"ned as the ratio between the volume of a chip bulk outside the digester and the volume of the same amount of chips when placed inside the digester. Based on this de"nition, the porosity of the bed is given as a function of the compaction factor
The void fraction of the chips outside the digester ( ) is constant, but the compaction factor, f, in the digester is assumed in this study to decrease linearly along the reactor height, except near the bottom where it is constant; this assumption is based on the information provided by Kvaerner Pulping, the manufacturer of the digester and by the mill. In the present work, it has been approximated by the following equation:
This variable also a!ects the residence time of wood particles inside the reactor because, as it increases, the downward movement of chips becomes slower. The interstitial velocities of the free liquor and of the moving bed of chips should, thus, be updated according to
and
In this study, other industrially important variables such as Kappa number, total solids content, yield and pulp consistency are also computed from the state variables characterized in Eqs.
(1)}(7).
In the bottom half of the digester, the total circulation #ows typical of an ITC cooking are higher than in the case of the conventional process, in order to attain smooth temperature and alkali pro"les over the digester cross section. However, this raises mathematical di$culties in the numerical solution of the problem, since the discontinuities in the axial pro"les of the main state variables become larger in these areas. This is especially important in the counter-current part, where the system model equations are of the boundary value type, thus requiring an iterative procedure for the solution of the corresponding non-linear set of equations. The numerical scheme adopted here is based on a nonuniform grid with the purpose of coping with such strong and sharp changes in the process variables characterizing the free liquor in the circulation zones as well as in the main extraction. An important advantage of this modeling strategy is that it allows to take into account the special features of each circulation of an industrial digester. In fact, distinct approaches were chosen for describing the e!ect of di!erent circulations, based on the local geometrical arrangements and #ow patterns (con-or counter-current). As illustrated in Fig. 3 , the mixing cell concept is not used in the reactor zones corresponding to the upper circulation lines C and C . The free liquor #owing from above the screens, Q , is assumed to follow an outwards conical #ow path that leads it towards the screens plate. It is worth mentioning that this is the result of two main factors: the "rst is due to the pressure drop induced by the circulation pump and the second is concerned with the inner conical #ow path of the liquid stream re-entering the digester with a very high #ow rate, Q #Q . This conical shape of the #ow is generated by special #aps located at the outlets of the re-circulation pipe and also by the fact that the circulation #ow rate, Q , is much higher than Q . Such conical stream, thus, displaces the liquid #owing from above into the direction of the screen openings, before being also partially pumped out through the screens. These streams, of di!erent concentrations and temperatures, are mixed in the circulation pump and the net result of this complex arrangement is the complete withdrawal of the liquid #owing with the chips at the top of this section of the reactor thus increasing its temperature and concentration (see also Fig. 1) .
In opposition to this situation, the liquid injected in ITC and in C circulations is assumed to mix completely with the ascendant liquid within the reactor. This is due to the special geometry of the inner re-circulation pipes and screens (see Fig. 4 ) and thus, these zones are modeled by means of the mixing cell approach, described before. C is the only circulation of the digester where the recirculation #ow is injected in an upwards direction. But, as Fig. 4 shows, this #ow "nds, right at the end of its inlet pipe, an inverted metal cone. Due to this mechanical arrangement, the liquid direction inverts according to the cone shape and is pushed downwards. Simultaneously, there is a signi"cant #ow of liquid with an upwards movement, imposed by the #ow injected at the bottom of the digester. As a result of these strong and opposite forces, it seems reasonable to assume complete mixing, thus justifying the use of a single mixing cell in this position.
Finally, the zones without screens were split into several cells to guarantee that each cell height was small enough relative to the digester height. In particular, this procedure takes implicitly into account the positions of the screens and the size of the cells are also de"ned so that a given cell cannot belong simultaneously to parts with and without wall screens.
In the concurrent zone, since the di!erential problem is of initial value type, the step size used in the integration of the model equations is small (+0.1 m) and is adapted in order to ensure that the axial variable matches the exact location of the screens and the injection points. In the counter-current part the model constitutes a boundary value problem and its solution is achieved by the use of a mixing cell approach and the simultaneous solution of all the resulting equations. This part has about 18 m and was divided into 25 cells. The size chosen for each cell has been investigated in order to minimize the cost of the numerical algorithm while ensuring the quality of the solution. This size is not uniform and takes into account the nature and the intensity of the phenomena taking place along this bottom part of the reactor. The cells, thus, have di!erent heights and their size was distributed so that more cells appear between C and the base of the digester where the state variables, especially temperature, exhibit steeper pro"les.
Discussion of results
Temperature is undoubtedly one of the most important variables in the process of industrial cooking since it exerts a strong e!ect on the kinetics of both deligni"cation and carbohydrate degradation. In the so-called isothermal cooking (ITC) this is used to take advantage of such strong but distinct dependencies by extending pulping for a period of time that is longer than in conventional cooking. Therefore, with ITC, the maximum temperature in the reactor is often lower, leading to a longer but smoother cooking. Fig. 5 illustrates typical temperature pro"les along the reactor where strong discontinuities can be seen in the temperature of the free liquor phase, corresponding to the main re-circulation lines C and C where extraction, heating and injection back into the digester is carried out. Moreover, since the temperature levels below the main extraction screens are clearly higher than in conventional cooking the reaction is pushed further down the reactor, although at a slower rate than in the upper part. In the counter-current zone, where washing also occurs, the alkali concentration is kept above a minimum level by injecting fresh white liquor near the bottom of the digester (ITC), as shown in Fig. 6 .
Once a convenient cooking temperature pro"le is imposed along the reactor, there is a need for an adequate alkali distribution policy to ensure high deligni"cation rates for the process while maintaining the carbohydrate degradation at a minimum. Alkali is introduced through a white liquor multi-feed network, whose main branch reaches the digester right at its top (Fig. 6) . The remaining white liquor is added to the circulations C and C and also to the bottom part of the reactor (ITC and C ). At the top of the digester and just before the main white liquor feed the chips are often assumed to be completely "lled with liquid that is basically constituted by water. This is a result of the original moisture in the wood and of the steam condensed within its porous structure in the steaming vessel. However, typical industrial scenarios for Eucalyptus globulus show that a small fraction of the chip is not fully soaked with water just before the high-pressure feeder. Thus, complete "lling of the chips can only be achieved by penetration of a mixture of white and weak black liquors when it contacts the wood particles in the high pressure circulation line. This is why the e!ective alkali of the entrapped liquor (E ) in Fig. 6 is di!erent from zero at the top of the digester. The same applies to the sul"de ion as shown in Fig. 7 .
In previous papers, the concentration of hydrogen sul"de is often assumed constant along the digester and is also considered as equal to the feed composition. Both assumptions are clearly unrealistic for Eucalyptus globulus (Magalha es et al., 1998) and thus are discarded in this work, as also advocated by Wisnewski et al. (1997) . As can be seen in Fig. 7 , both free and entrapped liquor concentrations change sharply in the "rst meters of the reactor and achieve a value in the main reaction zone that is markedly di!erent from that at the entrance, as it happens in a real cooking. It is worth mentioning that the kinetics used here does not include any consumption of the sul"de ion, although its concentration in the entrapped liquor a!ects the rate of deligni"cation in the solid (Appendix). The pro"les shown in Fig. 7 are, therefore, the result of simple mass transfer phenomena between the entrapped and free liquors. In the concurrent zone the sul"de is gradually transferred from the free liquor to the chips while, in the counter-current part of the digester, the transfer occurs in the opposite direction. The values used for the heat and mass transfer coe$cients in the counter-current zone are higher than in the concurrent zone due to the much higher relative interstitial velocity of the free liquor phase with respect to the wood chips. This is con"rmed in Fig. 8 , where strong discontinuities in the free liquor super"cial velocity are also highlighted for the main circulations simulated in this study. An utmost important industrial variable is the "nal yield of the operation due to the high costs of the wood raw material. As illustrated in Fig. 9 , the more extensive attack to the wood components occurs in the upper circulation zones (C and C ), as a result of simultaneous high values for temperature and e!ective alkali concentration (see also Figs. 5 and 6). Although this pro"le is frequently connected to the rate of deligni"cation along the reactor height, signi"-cant amounts of carbohydrate are also degraded and removed from the wood matrix leading to a lower pulp quality.
In opposition to other de"nitions of dissolved solids (Wisnewski et al., 1997) that cannot be used for model validation with industrial data and do not follow the TAPPI procedure, in this work the total solids content (S) in a cooking liquor represents both the organic and inorganic compounds in solution. This is an important industrial variable, particularly at the main extraction (EXT) due to its role in the heat and chemical recovery plants of the pulp mill. Moreover, it is invaluable for assessing the model ability to describe the behavior of the industrial digester as there are at least "ve circulations where it is possible to take samples of the liquor. There is an injection of strong black liquor at the top of the digester, which, together with the main feed of white liquor, ends up in a stream with a relatively high total solids content (see Fig. 10 ). The evolution of this variable in the free liquid depends only on the net rate of mass transfer of organic and inorganic materials between the two liquid phases. However, in the entrapped liquor it also depends on the rates of chemical reactions taking place in the porous chips. These two di!erent contributions are represented separately in Fig. 11 , in order to enable a better understanding of the total solids content pro"les along the digester.
At the beginning, the net mass transfer from the surrounding liquid into the chips is positive (Fig. 11 , dot}dashed line), thus giving rise to the initial decrease in the total solids content of the free liquor as shown in Fig.  10 (solid line). At this point, this mass transfer rate into the chips, which is high at the top of the digester, decreases and becomes negative (Fig. 11) , meaning that it now occurs in the opposite direction, i.e., from the entrapped to the free liquor. Therefore, the solids content in the free liquid begins to increase (Fig. 10) exhibiting a minimum at the point where the net mass transfer vanishes (Fig. 11) . Since then and until the end of the digester, the mass transfer into the chips is always negative, that is, it always occurs from the chips to the free liquor. This explains the increasing pro"le of solids content in the free liquid in the remaining concurrent part and the decreasing pro"le in the counter-current zone (it is worth mentioning that in the counter-current the free liquor is receiving more mass than it is releasing to the chips).
The total solids content pro"le of the entrapped liquid can be explained by the simultaneous action of chemical reaction and mass transfer. In Fig. 11 , one can see the evolution of these two factors as well as of their algebraic sum (solid line). At the beginning, both contribute positively to the solids content inside the chips and, therefore, the latter increases sharply. However, just before C , mass transfer contribution becomes negative (Fig. 11) leading to a clear reduction in the slope of the total solids content pro"le in the entrapped liquor. At C , since the reaction rate possesses a high maximum value, the sum of the two contributions is positive (Fig. 11) giving rise to an increasing pro"le of the total solids content in the entrapped liquor (Fig. 10) . After this position, one can observe a short zone before the main extraction where the two contributions are symmetric, which explains the maximum of the total solids content pro"le in the entrapped liquor. From this point downwards, the sum of the mass transfer and chemical reaction rates is always negative, with the corresponding decrease in the pro"le of the total solids content in the entrapped liquid.
To evaluate the prediction capabilities of the model, industrial data was gathered from a pulp mill for a su$-ciently large period of time in order to take into account the long time delays associated with the reactor and the inevitable variations of real plant data. 
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The values predicted by the model as well as those characterizing the range of industrial operating conditions considered in this exercise are shown in Table 1 . In general, the predictions are in good agreement with those gently provided by Portucel Industrial SA, for a given production objective with Eucalyptus globulus.
In what concerns e!ective alkali, the relative di!erence (between the predicted and the industrial values) at some zones is high, namely at C and C . However, the range of variation in an industrial situation is wide and thus, the predicted values can be seen to ful"ll mill's expectation. Regarding the temperature, there is a remarkable concordance between all the predicted and the industrial values. The industrial range presented, in Table 1 , to ¹ ! is much larger than the corresponding ranges to the other circulation zones. The reason for such large spread is the strong dependence of this temperature on the dilution factor used at the bottom of the digester that is di$cult to tightly control for long periods of time. It is worth mentioning that the yield predicted by the model (53.3%) corresponds to the pulp at the bottom of the digester, while the industrial value refers to the pulp after screening. In summary, this is a very satisfactory capture of the behavior of the main measured variables and thus it is a promising indication of the model quality.
Conclusions
The steady-state operation of an industrial continuous digester with an ITC cooking strategy has been simulated by means of a model that contemplates 15 state variables in each axial position of the reactor. The model is heterogeneous and considers three di!erent phases (solid, entrapped and free liquors). The model predicts hydrosul"de pro"les in both entrapped and free liquors and includes both the temperature of the chips and of the free liquid.
Special attention was paid to the mechanical arrangements in the upper circulation zones that strongly a!ect the #ow patterns in these areas of the reactor. The numerical strategy is based on a variable discretization scheme in order to cope with the strong discontinuities in some of the variables characterizing the free liquor. The model is able to predict the total solids content and this includes organic and inorganic materials (according to TAPPI standards and usual mill routine), which clearly distinguishes this study from previous works. In addition to the main state variables, the axial pro"les of the interstitial velocities of chips and of the surrounding liquor, the Kappa number and yield are also computed. The voidage of chips is continuously updated along the digester length and the resulting incoming liquid #ow is calculated according to the extent of reaction. The porosity of the moving bed of chips is determined as a function of a linear compaction pro"le along the axial coordinate of the digester.
The model proposed in this study is able to predict the behavior of an industrial digester with isothermal cooking under normal steady-state operation reproducing very satisfactorily the mill data processing a hardwood, Eucalyptus globulus. It can be easily adapted for other #ow con"gurations, which highlights its #exibility for other studies. This is a very promising feature that anticipates its potential for optimization studies. In particular, it can be used to determine the optimal alkali distribution policies, the temperature pro"le and the circulation #ows so that a more pro"table process and a better pulp quality can be achieved. 
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